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Abstract—In bignum arithmetic, the cube root and higher-
order root operations are conventionally treated as elementary
functions, meaning that for them, correct rounding is not re-
quired, usually even without an error bound. In this paper
we provide a unified algorithm RootRem to find the (arbitrary-
ordered) root of bignums. This algorithm first finds the reciprocal
root by using Newton iteration, and then obtains the root through
a reciprocal operation. It has guaranteed correct rounding in all
cases. RootRem(2), which is to find the square root, is currently
found to be less efficient than the existing algorithm SqrtRem
proposed by Brent and Zimmermann. However, RootRem(p)
with p > 3 fill an important theoretical gap and are major
improvements over the existing algorithms.

Keywords—arbitrary precision; Newton iteration;
arithmetic; multiprecision computing; correct rounding

computer

I. INTRODUCTION

The area of bignum (or arbitrary precision) arithmetic deals
with the implementation of arithmetic operations of numbers
whose digits of precision are limited not by CPU word length,
but only by the available memory of the computer. It has
found applications in cryptography, high accuracy numerical
simulation, and financing, to name only a few. An overview
of this area is provided in [1].

In this paper we are concerned with the computation of the
square and higher-order root of bignums. Our interest in this
topic came from the fact that square root is, together with the
four commonly recognized fundamental operations, included
in the IEEE 754 standard as a fundamental operation, being
required to have guaranteed correct rounding. And, although
higher-order root operations are not as important as the square
root, they are still among the most often used elementary
functions. As we shall see later, general root operations can be
implemented by a general algorithm in which the square root
is a special case.

There are three prevalent methods for the bignum root
(especially the square root) computing and the closely related
division problems. They are Newton iteration [1], [2], [3],
SRT [4], and Goldschmidt [5]. The latter two methods are
quite successful in hardware arithmetic, but they have lower
asymptotic performances than the Newton method. We care
very much about asymptotic performance, so we shall focus
on the Newton method in this paper. In this direction, the most
relevant references are [1, Sections 1.5 and 3.5], [2, Chapter
29], and [3]. The present paper was motivated by our failure
in finding an existing practically used algorithm for cube and
higher-order root operations with guaranteed correct rounding.
Our approach here to this problem is a combination of the
approach of [1, Section 3.5.1], whose main idea is to first find
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the reciprocal and then find the root itself, and the approach
of [3] which emphasizes integer formulation. This combined
approach has two advantages:

o In Newton iteration for finding the reciprocal root, each
iteration step is division-free and the iterator has a unified
form, which is considered helpful for us to develop a
unified algorithm for arbitrary-ordered root operations.
By formulating the problem in the integer domain, as was
adopted in [3], we are able to carry out an accurate error
analysis, which is pivotal in enabling us to develop a
correct rounding algorithm.

We shall report what we have achieved using this approach
in the rest of this paper. It is structured as follows. Section
Il describes the related previous work. Section III derives
the RecRoot algorithm, which is aimed to find the reciprocal
root. In Section IV, the main algorithm RootRem is described.
In Section V, numerical experiment results are provided to
compare RootRem with existing algorithms, and a conclusion
is finally drawn.

II. PREVIOUS WORK
A. Representation of Bignums

In computers, bignums (or arbitrary precision numbers) are
stored using positional representation as described below.
A big integer A is represented by

A= i aiﬂm7i7
=1

where (3 is the base or radix, and for each 4, 0 < a; <  — 1.
Each a; is called a word, and m is thus the word-sequence
length of A. Obviously, we have 0 < A < ™ — 1.

Similarly, a big floating point number is represented by

ey

m
A=pY B, (@)
i=1
where the sequence (a1, as,...,a,,) is the mantissa, and e is

the exponent.

A representation (1) or (2) is said to be normalized, if a1 #
0. Obviously, if integer A can be represented as a normalized
m-word sequence, then Bl < A< pm™.

It is not difficult to conceive that floating point root compu-
tation poses no real difficulty beyond integer root computation.
Therefore, in this paper, we confine our discussion to integers.
Now suppose we have a pn-word representation of integer A:

pn
A=Y apm, ©)
=1



and we are to find its integer p-th root

n
X =) ap " =[VA] &)
i=1

Note that for any nonnegative real number u, |u| denotes the
greatest integer not greater than w.

In this paper, we want to ensure that X has normalized
representation, thus in the representation of A, it is required
that at least one of ay, ..., a, must be nonzero.

B. The SqrtRem Algorithm

In [1, Section 1.5.1], a square root algorithm SqrtRem was
proposed. It is based on Newton iteration. For any given integer
A, SqrtRem computes X, the integer square root of A, and
the remainder R = A — X?2. This means

X<VA<X+1 5)

and hence

0<R=A-X?<2X. (6)

Thus SqrtRem has guaranteed correct rounding.
C. Non-Correct-Rounding Root Algorithms

Also in [1], an algorithm ApproxRecSquareRoot was pro-
posed for finding the reciprocal square root of big integers.
This algorithm is also based on Newton iteration, but un-
like SqrtRem, it is division-free in the iteration process. As
its name suggests, it is an approximate algorithm. Actually,
ApproxRecSquareRoot inspired the current work. For a de-
tailed description of ApproxRecSquareRoot the reader may
consult [1, Section 3.5.1]. In addition, in [2, Chapter 29], there
are a number of sketchy descriptions of some cube and higer-
order root algorithms but they do not seem to have guaranteed
correct rounding.

III. DERIVATION OF RECROOT

In this section we formulate the concept of “reciprocal
integer p-th root” and derive an algorithm for its computing.

A. Definition of Reciprocal Integer p-th Root

Suppose
p=>2 )
and we are given a pn-word integer A :
pn
BT S A=Y af T < B, ®)

i=1
which means that at least one of ay,...,a, is nonzero. The
reciprocal integer p-th root of A, is defined to be the integer

Z such that
0< B — YAz < VA. )
Apparently, such a Z exists and is unique, and we have
pgr <z <prth (10)

A7 if and only if A = BP"~P. Otherwise, Z is an
1)-word integer which can be expressed as
n+1

7 = Z Zi5n+17i with Z1 # 0.
i=1

7 -
(n+

Y
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B. Splitting A and Z into High and Low Parts

The RecRoot algorithm is incremental in nature, so for
convenience of exposition, A (as well as Z) is viewed as the

concatenation of a high part and a low part. Let
n = h + [ where h,l > 0. (12)

We will describe how to determine h and [ later. We then split
A and Z as follows.

ph pl
A= a4 Y apnaiBP

(13)
i=1 i=1
Ay Ar
If Z= /"1, then let Zy, = B"*! and Z, = 0. Otherwise,
h+1 l
Z=Y up" B BT (14
i=1 i=1
Zy Zc
Now in view of the above, we have
BPP < Ay < BP" and 0 < Ay < BPL (15)
Bh"<Zy<pttt and 0<z,<pB!, or Zy=p"t! and z.=0. (16)

C. A Key Property of Zy

Let Z3; be the the reciprocal integer p-th root of the ph-word
integer A4;, which means

0< B — X/ AnZy < /Ay

We first show a lemma.
Lemma 1: Suppose (7,15-17).If h > 3,or p > 3 and h > 2,

then
{/Aq.[—i-l(ZH—l) < S AuZy. (18)

Proof: Since p > 2,if h > 3, then h + 1 < ph — p. If
p>3and h > 2, we also have h + 1 < ph — p.
Let W = Zy — 1. Then W < gh*+1 < gPh=P < A4, Hence

7)

(A +1D)WP=Ay WPHWP <Ay WP+ Ay WPL< Ay (WH1)P.

Taking p-th root on the left and right sides of the above
inequality, we obtain (18). [ ]

Note that inequality (18) generally does not hold for p = 2
and h = 2. For example, let 5 = 10, and Ay, = PP = 100,
then Zy = A"t = 1000, but /101 - 999 = 10039.8--- >
v/100 - 1000. Now, we will use this lemma to derive a key
property of Z3 in relation to A.

Proposition 2: Suppose (7,13-17). Suppose further that A >
3,0or p>3and h > 2. Then

0< B — Y A(Zy — 1) < 2VA. (19)
Proof: Multiplying (17) by 3!, we get
0< B — /Ay B Zy < /Ay (20)

By (13) and Lemma 1, we have
W(Z’H - 1) < /Ay + lﬂl(ZH — 1) < {/ AH[:)’ZZH.



This, combined with the left inequality of (20), gives
0 < B2+ — Y A(Zy —1). 1)

Now by (13) we have /A 3" < /A, which, combined
with the right inequality of (20), gives 82"t — /AZy, < {/A.
This is equivalent to

B Y A(Zy — 1) < 2VA. (22)
The combination of (21) and (22) is just (19). [ |
From this proposition, we can see that either
0< B — Y AZy < VA, (23)
or
0< B — YA(Zy — 1) < VA (24)

D. Newton Iterator for Reciprocal Root

As RecRoot works incrementally, for pedagogic purposes
we shall describe it here as a recursive algorithm, although
in real implementation, loops are preferred to recursions. In
recursive RecRoot, there is one Newton iteration after one
recursive call. In this subsection we consider the iterator, i.e.
the function that maps the initial value to the next.

Look at the defining inequality (9) of the reciprocal integer
p-th root, we find that it is the integer truncation of the solution
of the equation

pFnzP A =0. (25)

So the Newton iterator for finding the solution of (25) is

2pn 7—P __
f(Zo) == Zo — Fr 2, _A—1
—p- ﬁ2pn . Zo p
2pn P

p-pPn

This iterator f is not directly usable since f generally does
not map to an integer. So instead, the following iterator is used
in the real algorithm:

Zo(B%" — AZP
M) = 2o+ | 2~ A%) > o)

We then show a nice property of the iterator f.
Proposition 3: Let Zy = f(Zy) where f is defined by (26).
Let

. @7)

YAZ
O = 1= (28)
YAZ
6 = 1-— 62”1' (29)
If
3
0<e < ——r, (30)
p—1
then )
0<e<Pitle G1)

Proof: Tt follows from (26) that

| VAzi | YAz, YAz - AZ)
B2n - 5211 B2n p- 52pn
o VAZy  AZ, ) AZ

I82n D - BQn( o ﬂQpn)‘
Hence by (28,29), this yields

1—60

[1—(1—€0)”]

€1 = €y —

This can be reexpressed as

g
5 ; (%) — (21 eol, for p even,
€1 = b1
- > e 1(%1) = (254)eo] +eb™}, for p odd.
‘ (33)
Hence to have € > 0, it is sufficient that (pg;l) - (2’;111) €0 >
0 forall s =1,...,|5], which is guaranteed by the condition
3
< ——. (34)
p—1
The equation (32) can also be reexpressed as
p+1,
(=5 -

p—2
2
1
LS ) - (el + 7). forp even

p—1
% ,Z: 6(2Js+1[<p+1) B <p+1>60]7 for p odd.

2s5+1 2s5+2
(35)
Hence to have ¢; < p—;le%, it is sufficient that ¢y > 0 and
(21’5111) - (22—:_12)60 >0 forals=1,..., L”%lj, which is
guaranteed by the condition
4
0<e < ——. (36)
p—2
The conjunction of (34) and (36) is (30), which is therefore
a sufficient condition for (31). |

E. Newton Iteration for Reciprocal Root

It is now time for completing the description of our Newton
iteration for reciprocal root. The initial value of the iteration is
chosen to be an integer obtained from the result of the recursive
call:

5l
Zo = Zup’, 37



where ZH = Zy or Zz — 1 and exactly which is chosen will
be described later. Now,

ZuB' 8% — A(ZuB")]
p- pgn
Iy (8% — AZL )
|— p- ﬁQpnfl J
Z ﬂQph-‘rpl _ AZP
+ L H(p . ﬁ2ph+pl—l H)J

Now we are able to show a key property of f+(Zy ).
Proposition 4: Suppose (7,8,12,13). Let f* be defined by
(27). Suppose further that

Zup'

H(ZuBh) + ]

ZuB +

Znp'

(38)

2p+2< B, (39)
h>1. (40)
If ~
0 < BHH — AZy < 2¥/A, (41)
then ~
0< B — VAfH(Zyp) < 2VA. (42)
Proof: Let
VAZyp!
0 = 1-— BQZM , (43)
VAf(Znf'
6 o= 1- J;(%”ﬁ ) #4)
Then by (12), ~
ﬁ2h+l _ mzﬂ
€0 = W7 (45)
which, combined with (41,8,12,39), yields
29/A 2B 2 2 3
0<€(]<ﬂ2h+l<W:7h§E Zi (46)
Hence by Proposition 3, we have 0 < ¢; < %e%, i.e.
7 /AT Al
0<1_ VAf(ZuB) SPJrl[l_ VAZyp 2
B2h+2 2 g2h+2l
which is equivalent to
p+ 1 (ﬁ2h+l {7/22}[)2
0 < B2h+2 _ YAf(Zuph) T .
47)
Combining (47) and (41), we arrive at
. +14YA
0< B — A Zup) < P g VA @)
By (8,12), and (39,40), we have
h+1
o< p;14ﬂ{5 _ Q(p;;')/a _ 2;};2 - 2p;2 <1
(49)
Combining (48) and (49), we have
0< B> — YAf(Zypl) < VA. (50)
Now since
0< f(Zup') = fF*(Zup') <1 (51)
we can finally obtain (42). [ |
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F. The Full Algorithm Description

Based on all the previous preparation, a full description of
the RecRoot algorithm can now be given.

Algorithm 1 RecRoot (assumes 2p + 2 < )

pn ,
Input: A = Z ;8P at least one of aq, ...

Output: Z = E"“ 5,871 with Z > " and 0 < 82" —
VAZ < 2¢/A

1. if n < 3 then

2 return result obtained using base algorithm

3: end if

al= ", h=n—I

S5: AH = th Lﬂph i

. 2

7

8

9

, @p NONZEro

: Zyu = RecRoot(Ay)
: (VO,Vh...,Vp) = (A, AZy,...
L if V, < B?P1P! then

Iy = Iy
else

Zf;.[ = ZH —1

Vo =21—0(—
end if
T = szh+pl Vp

I_ 52ph+pl lJ

JAZ)

10:
11:
12:
13:
14:

15:

)k(i) Vp*k

Z=Znp' +

This algorithm needs some explanations:

« Different from what we imagined, the result of RecRoot
is not necessarily the exact reciprocal integer p-th root Z,
but may be Z — 1. If we want the assured exact reciprocal
root, then a further check is needed. But we opt not to do
that here because our true objective is the root, not the
reciprocal root.

After the recursive call, ZH is obtained, which is either
Z4 or Zy—1. Since h > 3 (see lines 1-4), by Proposition
2 either (23) or (24) holds. If ZH = Z3, according to line
8, if (23) holds, then Z3; = Zy, otherwise Zy; = Z# — 1.
If ZH = Z3 — 1, then because of (19), it must be that
Zy = ZH = Z3 — 1. In all the three cases, Z satisfies
(41), and finally (42) holds by Proposition 4.

RecRoot needs a base algorithm to deal with the case
n < 3. When p > 3, this can be relaxed so that the base
algorithm only needs to deal with the case n < 2 (see
Proposition 2). We have written a base algorithm named
RecRootBase using lumped (non-incremental) Newton
iteration. The details of RecRootBase are omitted here
due to space limitation.

The result of RecRoot is guaranteed to be an (n + 1)-
word, i.e. it is always smaller than 371, To see this,
we note that we can add a statement to Proposition 3: If
0<e < = 1 , then 0 < ¢;. The detailed proof is omitted
due to space limitation.

Ideally, RecRoot is to be coded as a single algorithm
dealing with arbitrary values of p. But in practice it can
be used as a mere algorithm template, with different p’s
having different codes. The present author has finished



coding of RecRoot for p = 2 and p = 3. Coding the
general algorithm needs a bit of additional work because
the binomial coefficients (z) may be big integers, which

is currently not yet tackled by the present author.

IV. THE RoOTREM ALGORITHM
We now try to find X = |¥/A|. Suppose that by calling
RecRoot, we have obtained an (n + 1)-word Z satisfying

0< B> — YAZ < 23/ A. (52)

The algorithm DiReciprocal proposed in [3] is able to find
a reciprocal integer n-word Y of Z satisfying

0<p"-YZ<Z (53)
It can be derived from (52,53) that
] 2n ] 2V A
VZ—1<Y<B2€7= €/Z+BZWL (54)
va Va

If /A > B™ — 1, then X = 8™ — 1, and because Y < 8",
wehave Y < X + 1. If /A< 8™ — 1, then it is easy to see
5225/2 < 2. So in all cases, we have
VA

YA-1<Y < YA+2.

And the following algorithm is thus correct.

(55)

Algorithm 2 RootRem (assumes 2p + 2 < )

pn ]
Imput: A=) q;5"" 7", at least one of a1,...,a, nonzero

i=1 .
Output: X ="  z;,6" " and R = A — X? which satisfy
0<R< (X41)P—XP

1: Z = RecRoot(A)
2. (X, R') = DiReciprocal(Z)
3: (Vo,Vl,...,Vp):(1,X,...,Xp)
4: if Vp < A then
S: R=A- Vp
6: else
7: X=X-1
8 Vo= oD () Vo
9: if V, < A then
10: R=A-YV,
11: else
12: X=X-1
13: Vo = o1 (R) Vo
14: R=A-YV,
15: end if
16: end if
V. NUMERICAL RESULTS AND CONCLUSION
Currently, we have implemented RootRem(2) and

RootRem(3) in C. For comparison, we also implemented
SqrtRem. All the three implementations have been thoroughly
tested to ensure they are strictly correct. Then we carried
out a numerical experiment to compare their performances.
The computer running the experiment has an Intel i3-2120
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@3.30GHz CPU, 4GB memory, and a Windows 7 32-bit
operating system. The bignums whose square root and cube

root we want to solve are randomly generated and they are
exactly the same for all the three algorithms. Two plots are
drawn. The first plot is more about fixed-point computation.
It shows the average running time varying with pn which is
the length of A, for algorithms SqrtRem, RootRem(2) and
RootRem(3). The second plot is more about floating-point
computation. It shows the average running time varying
with n, where A = A;3?"719, and the A;’s are randomly
generated 10-word integers, for SqrtRem and RootRem(2).

0.25

=

02F

SqrtRem ’
= = = RootRem(2)
RootRem(3)

0.15

0.1-

T T I L I
0 480 960 1440 1920 2400 2880 3360 3840 4320 4800

SqrtRem 1
= = = RootRem(2) 1

T I I I I
1200 1440 1680 1920 2160 2400

Fig. 1. Average Running Times (in seconds) of SqrtRem, RootRem(2), and
RootRem(3)

We have previously hoped RootRem(2) to be more ef-
ficient than SqrtRem, as we considered that RootRem(2)’s
division-free iteration might be a performance-boosting factor.
However, to our disappointment, Fig. 1 clearly shows that
RootRem(2) is less efficient. This may be due to the nature of
the algorithm, but may also result from possible insufficient
optimization of RecRoot(2), which needs further research.

As to RootRem(p) with p > 3, it is perhaps safe to say that
they fill an important theoretical gap and are major improve-
ments over the existing algorithms. We have two reasons: (1)
They are provided as implementations of a unified algorithm
for arbitrary values of p, which makes them elegant. (2) Being
practically efficient as shown by the above plot, they have
guaranteed correct rounding, and in the existing literature there
is no algorithm known to the present authors that both has
guaranteed correct rounding and is practically efficient.
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